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Small-x (Regge) limit in the coordinate space

Regge limit: x; — pxy, &, — pxy,y_ — ply_, Y. = py——  p,p —

Regge limit symmetry in a conformal theory: 2-dim conformal M&bius group
SL(2,C).
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Small-x (Regge) limit in the coordinate space

Regge limit: x; — px;, ¥/, p,p — oo

LLA: oy < 1, asInp ~ 1, = > (s In p)" = BFKL pomeron.
LLA < tree diagrams = the BFKL pomeron is Mdbius invariant .
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Small-x (Regge) limit in the coordinate space

Regge limit: x; — px;, ¥/, p,p — oo

LLA: oy < 1, asInp ~ 1, = > (s In p)" = BFKL pomeron.
LLA < tree diagrams = the BFKL pomeron is Mdbius invariant .

NLO LLA: extra ay: > a(ayInp)” = NLO BFKL
In a conformal theory (M = 4 SYM) we expect NLO BFKL to be Mébius invariant.
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Small-x (Regge) limit in the coordinate space

Regge limit: x; — px;, ¥/, p,p — oo

LLA: oy < 1, asInp ~ 1, = > (s In p)" = BFKL pomeron.
LLA < tree diagrams = the BFKL pomeron is Mdbius invariant .

NLO LLA: extra ay: > a(ayInp)” = NLO BFKL
In a conformal theory (M = 4 SYM) we expect NLO BFKL to be Mébius invariant.

In QCD, we expect to have running coupling part plus conformal part.
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Light-cone expansion and DGLAP evolution in the NLO

k? <u? é %

J— — — "V

— — .

2 - factorization scale (normalization point)

K3 > p? - coefficient functions
k3 < p? - matrix elements of light-ray operators (normalized at ;:%)
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Light-cone expansion and DGLAP evolution in the NLO

Ao T ;

< . - >

— e T
- factorization scale (normalization point)

K3 > p? - coefficient functions
k3 < p? - matrix elements of light-ray operators (normalized at ;:%)

OPE in light-ray operators (x—y)2 =0

TH 0} = g [1+ S0 + 0| dhmntule o) +0()

L\,_V\.} _ P(,l / du (x—y)*Ap (ux+(1—u)y) - gauge link

I. Balitsky (JLAB & ODU) Small-x evolution in the next-to-leading order DIS 2009 27 April 09 5/36



Light-cone expansion and DGLAP evolution in the NLO

\ k2 > 2
R . s & + ® +
—
— . //,— —_—— L — — . —

2 - factorization scale (normalization point)

K3 > p? - coefficient functions
k3 < p? - matrix elements of light-ray operators (normalized at ;:%)

Renorm-group equation for light-ray operators =- DGLAP evolution of
parton densities (x—y)?=0

uzdilﬁw)[x,ywy) = KLo$ @ y1o(y) + akneo®(@) [ 16 ()
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High-energy expansion in color dipoles in the NLO

n - rapidity factorization scale

Rapidity Y > n - coefficient function (“impact factor”)
Rapidity Y < n - matrix elements of (light-like) Wilson lines with rapidity
divergence cut by n

o0

Ul = Pexp{ig/ dx AT (x4, x))

— 0o

4
Al(x) = / %e(en — |ax))e %A, (k)
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High-energy expansion in color dipoles in the NLO

The high-energy operator expansion is

TG ()} = / P21 150(00, ) TH{ D U1}
+ /d211d212d213 IlI:Il];O (Zl 5 %2 Z3> [tr{ fjg UJ;’}U'{ 02, ngn} - NCt{ UZ [72277}]

In the leading order the impact factor is Mobius invariant
In the NLO one should also expect conf. invariance since 1550 is given by tree
diagrams
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High-energy expansion in color dipoles in the NLO

n - rapidity factorization scale

Evolution equation for color dipoles

d o (x—y)?
—w{Uuruin = : / d>z——= 2 _[wfuruime{Uunuin
dn {UYU"} 72 Z(x—z)z(y—z)z[r{ YU ae{ U U}

—  Ntr{UPUI"] + agKniotr{UUI"} + 0(a?)

KniLo="? (Linear part of Knr.o = KNLo BFKL)
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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix
element of a two-Wilson-line operator (color dipole):
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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix
element of a two-Wilson-line operator (color dipole):
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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix
element of a two-Wilson-line operator (color dipole):

N
q
g>\/\/vv\m g
,\(,/g o g
b g o 9
] a o
D 9 $gielelele) 6
0 TTTTO 0 Q
g T ‘O e 3 g
%‘crcm-rg 3 q
0 q 0, q
o d ooy
D’m 0 q
o d Sl
PP . — —
ﬁ \/— L e

i

2
As) = [ G P BT U (1)U (k1))

Uxp) = Pei8) Zacdu nt Ay (untx,) Wilson line
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Spectator frame: propagation in the shock-wave background.
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Spectator frame: propagation in the shock-wave background.

- Boosted Field /\/I\/

Each path is weighted with the gauge factor Pes / “«4"  Quarks and gluons
do not have time to deviate in the transverse direction = we can replace the
gauge factor along the actual path with the one along the straight-line path.
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Spectator frame: propagation in the shock-wave background.

- Boosted Field /\/I\/

Each path is weighted with the gauge factor Pes / “«4"  Quarks and gluons
do not have time to deviate in the transverse direction = we can replace the
gauge factor along the actual path with the one along the straight-line path.

o

Wilson Line
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Spectator frame: propagation in the shock-wave background.

- Boosted Field /\/I\/

Each path is weighted with the gauge factor Pes / “«4"  Quarks and gluons
do not have time to deviate in the transverse direction = we can replace the
gauge factor along the actual path with the one along the straight-line path.

Wilson Line

[ x — z: free propagation] x
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Spectator frame: propagation in the shock-wave background.

- Boosted Field /\/I\/

Each path is weighted with the gauge factor Pes / “«4"  Quarks and gluons
do not have time to deviate in the transverse direction = we can replace the
gauge factor along the actual path with the one along the straight-line path.

Wilson Line

[ x — z: free propagation] x
[U“(z,) - instantaneous interaction with the i < 7, shock wave] x
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Spectator frame: propagation in the shock-wave background.

- Boosted Field /\/I\/

Each path is weighted with the gauge factor Pes / “«4"  Quarks and gluons
do not have time to deviate in the transverse direction = we can replace the
gauge factor along the actual path with the one along the straight-line path.

Wilson Line

[ x — z: free propagation] x
[U“(z,) - instantaneous interaction with the i < 7, shock wave] x
[z — y: free propagation]
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NLO impact factor

(0) AR
INLO(X . . . ILO O[V Z|'§ 1 _Z f
1% 7y7Z17227Z377]) - pv 3 + con

wdd, 4

The NLO impact factor is not Mdbius invariant = the color dipole with the
cutoff n = In o is not invariant

However, if we define a composite operator (a - analog of 2 for usual OPE)

[Te {07 fﬁn}] R R !

v o / —tr{U”UZTftr{UgUZTz”}fTr{UZUT"}] 1 o)
1322% Ne ) ’ 13123

the impact factor becomes conformal in the NLO.
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Operator expansion in conformal dipoles

TG0 ()} = / P 102y, ) { U7 DIy

372

1 PRI N
+ / dud’0d 23 1P (21,22, 23) []Vctr{UZ UMe{ U201} — {07 UIM]

agN, 2 2, eMas?
o = Ibf,) - / 2 In=2—— 27 + conf.
113222 Z1%123

The new NLO impact factor is conformally invariant.

In conformal A = 4 SYM theory (where the 3-function vanishes) one can
construct the composite conformal dipole operator order by order in perturbation
theory.

Analogy: when the UV cutoff does not respect the symmetry of a local
operator, the composite local renormalized operator in must be
corrected by finite counterterms order by order in perturbaton theory.
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Evolution equation for color dipoles

|
To get the evolution equation, consider the dipole with the rapidies up
to n; and integrate over the gluons with rapidities ; > n > n,. This
integral gives the kernel of the evolution equation (multiplied by the
dipole(s) with rapidities up to ;).
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Evolution equation for color dipoles

|
To get the evolution equation, consider the dipole with the rapidies up
to n; and integrate over the gluons with rapidities ; > n > n,. This
integral gives the kernel of the evolution equation (multiplied by the
dipole(s) with rapidities up to ;).

as(T/l - 772)Kevol 02y
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Leading order: BK equation

d__ . . -
d—nTr{UxU;f} = KLoTr{UUf} + ... =

d ~ A ~ A
% (TI‘{ UU ; } > shockwave = <KLOTr{ Uy U}: } > shockwave

UL = Te{ U2 UL} = (UU)™ — (UUD™ +ag(m — ) (UUTU U™

=- Evolution equation is non-linear
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Non linear evolution equation

() = 1 - 3 THOGE) D))
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Non linear evolution equation

() = 1= 3 THOGE) D))

BK equation

N, d*z (x —y)?
272 ) (x—2)*(y—2)?

() = [6,2) +0(e.y) ~Uxy) ~ U(x G, ) )

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)
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Non-linear evolution equation

() = 1= 3 THOGE)T0))

BK equation

d - _aN, dz(x—y)? (- - - - -
) = 53 | G i) +(ey) — Uy U Il (2 )

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)

LLA for DIS in pQCD = BFKL (LLA: oy < 1, m ~ 1)
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Non-linear evolution equation

ti(ny) = 1= L TH{O)010))

BK equation

d -~ N, d*z (x —y)? 3 3 . . .
dn“(& ) = 55 (=220 — 27 {U(& 2) +U(z,y) —U(x,y) —U(x, Z)U(z,y)}
I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)
LLA for DIS in pQCD =- BFKL (LLA: oy < 1, a4m ~ 1)

LLA for DISin sQCD = BKegn  (LLA: oy < 1,05 ~ 1, aA'/3 ~ 1)
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
oo
[oces +x),—oceq +x1] = Pexp {ig/ dxt A+(x+,xJ_)}
—0oQ

is invariant under inversion (with respect to the point with x= = 0).
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
oo
[oces +x),—oceq +x1] = Pexp {ig/ dxt A+(x+,xJ_)}
—0oQ

is invariant under inversion (with respect to the point with x= = 0).

Indeed,
(xt,x1)? = —x% = after the inversion x; — x, /x% andx" — xT/x3 =
[ Xt xtox x x
[cop1+x1, —oop1+x1] — Pexp {lg/ d— Ay(=, Tl)} [oop1+=5, —oop1+5]
— X X X X X
oo X 1 1 1
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
oo
[oces +x),—oceq +x1] = Pexp {ig/ dxt A+(X+,XJ_)}
—0oQ

is invariant under inversion (with respect to the point with x= = 0).

Indeed,
(xt,x1)? = —x% = after the inversion x; — x, /x% andx" — xT/x3 =
L[ xT xt ox, x| x|
[oop1+x1, —oopi+x1] — Pexp {lg/ d7 A5 ’T)} = [oop1+—, —oop1+—7]
—c0 XJ_ J_ xJ_ XJ_ XJ_

=The dipole kernel is invariant under the inversion V(x, ) = U(x, /x%)

—Tl{v =5 / ;M[Tl{ VVIITH{ V.V = NeTe( VeV )]
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Non-linear evolution equation in the NLO

d
%Tr{UxUIZ} =

/ &z (a% + o2Knio(x,y, z)) [1r{U U THU.UL Y — NIHU.UL Y] +

272 x—2z)2(z—y

af/dzzdzz (K4(x ¥,2,2 ){Us, Ub, Uy, UL} + Ko(x,y,2,2){Us, UL, Uy, U, US, US })

Knio is the next-to-leading order correction to the dipole kernel and K4
and K are the coefficients in front of the (tree) four- and six-Wilson line
operators with arbitrary white arrangements of color indices.
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Definition of the NLO kernel

The NLO kernel is obtained in the same way as the NLO DGLAP kernel:
1. Write down the general form of the operator equation

diTr{ U0} = oK oTr{ U, U1} + o2KnpoTr{ U, U1} + 0(a2)
7] - N N
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Definition of the NLO kernel

The NLO kernel is obtained in the same way as the NLO DGLAP kernel:
1. Write down the general form of the operator equation

diTr{ U0} = oK oTr{ U, U1} + o2KnpoTr{ U, U1} + 0(a2)
7] - N N

~ A d PN P
aZKxLoTr{U U} = %Tr{UxU;} — ayKioTe{UUl} + 0(a])
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Definition of the NLO kernel

The NLO kernel is obtained in the same way as the NLO DGLAP kernel:
1. Write down the general form of the operator equation

d(—Tr{ U0} = a,KLoTr{U.UT} + o2KnioTH{ U U1} + 0(a?)
7] N - -

aZKxLoTr{U U} = %Tr{ U0} — asKLoTre{U U} + O(a3)
2. Calculate the “matrix element” of the r.h.s. in the shock-wave background

(2 KnpoTr{ 0,011 }) = %m{z}xﬁjp — (nKioTH{ 0,0 }) + 0(a?)
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Definition of the NLO kernel

The NLO kernel is obtained in the same way as the NLO DGLAP kernel:
1. Write down the general form of the operator equation

d—TI{ Ul} = asKLoTr{U.Uf} + af KnpoTr{ U Ul } + O())
n - -

aZKxLoTr{U U} = %Tr{UxU;} — ayKioTe{UUl} + 0(a])
2. Calculate the “matrix element” of the r.h.s. in the shock-wave background
d .
(a?KnLoTr{U U }) = n<Tr{Ufo}> (asKLoTr{UUI}) + 0(a})

3. Subtract the LO contribution
= H prescription in the integrals over Feynman parameter v
+

Typical integral

/“ | 1 1 (k—p)
dv . {—} = —5 In 7,
Jo (k—p)iv+pi(1—v)lvlt P’ P’
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Gluon part of the NLO BK kernel: diagrams

- ) - i (i . (1X)

L s .
(X1 o (X1 . Xty ‘ (xv)




(xvi (xvin)

(XX1V)

XX xxiy

‘ (xXxvi) * (XxXvil) . (xvin (XXIX) 3 (XXX)




Diagrams for 1—3 dipoles transition

?Qf (XXXI)

(XXXH) . (XXXIHl) * (XXXIV)




"Running coupling" diagrams
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1 — 2 dipole transition diagrams
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Gluon contribution to the NLO kernel

d «
UL ULY = 32 [Pz (ITR{U ULV UL UL) ~ NTR{U, UL )

X { 4y [1 aSNC(l—llnzz 24 o7 12)]
e T R
_Eas_NcZ%—Z%lni_ asNe h lnilné}
3 4m gy s G

wu z
472 n-7BYzy

Qg
+ / d*z4 {[Tr{Uzl Ul ytr{u, Ul Hu, Ul } — Tr{U,, UL U, US U, UL }

1 D4 + 25470, — 42,55 22423
— (2 _)Z3)]T{_2+ 14223 T 224213 12434 | 214 23]

234 2(1%41%3 - Z%4113) 1542%3
+ [Te{U, UL Y Te{U, UL HU,, UL} — Tr{U, UL UL UL UL UTY = (2 — 23)]

4 2

% [ ke 2 :| 213324 })
232242 (T 204% — 21a%33;)  3udizeadt] 2a?ass
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N = 4 diagrams (scalar and gluino loop




Evolution equation for color dipoles in N = 4

§m%w}
Py z122 {1_ asN, r—z—i—Zl 23 o3 2 }}
2132 ar L3 b
[Te{T°U2 U T“U2 UI} — N Te{ U7 UI"}]
ag / dPz3d’z 75,73 [l + Z1)%3 } In 21325
4 By 3o 2384 — 384 T
x Te{ [T, TO) U T T U + 10107 [T, 7| U} (U7 ) (07 — 07)*

X

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff a < o = ¢*" in the rapidity
of Wilson lines.
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Evolution equation for color dipoles in N = 4

d oo
d—Tr{UZ”I Uiy

&z lez {1— 2sNe [”—2+21 T }}
213233 4m L3 o

[Te{T°U2 U T“U2 UI} — N Te{ U7 UI"}]

a; / d*zd’z 2%22%4 [l + 1%2234 } In 2%3154

4rt By 3% 3%y — aTa) Taln

x Te{ [T, TO) U T T U + 10107 [T, 7| U} (U7 ) (07 — 07)*

X

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff a < o = ¢*" in the rapidity
of Wilson lines.

For the conformal composite dipole the result is Mdbius invariant
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Evolution equation for composite conformal dipoles in N’ = 4 SYM

d PNNEN f
p (Te{ U2 U113 "

d2 Z%z |:1 agN, 7T

2 47 3

3 ] (T on 0, ) — N
13423

71-2

2 2 2 2.2

ay 20 (5¥) Z12234 212334 213804

I d3dz4 {21 [1+22_22]ln22}
Z13124234 Z14223 213224 Z14223 214203

x Te{ [T, TO) U T T U7 + 1102 [T, T U} [(U7)° (07)P — (24 — 23)]

Now Mobius invariant!
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NLO BFKL equation in ' =4 SYM

To find A(x, y;x',y") we need the linearized (NLO BFKL) equation. With two-gluon
accuracy

it
wr OOl

Conformal dipole operator in the BFKL approximation

~ N a,N, z az2, - ~ ~
Uepne(21,22) = UM (21, 22)+ 26/“'2Z 5= In 2 U (21, 23)+U" (22, 23) —U" (21, 22)]
4m 383 303
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NLO BFKL equation in ' =4 SYM

To find A(x, y;x',y") we need the linearized (NLO BFKL) equation. With two-gluon
accuracy

N 1 PRNIDN
W(ey) = 1= gy TO20])

Conformal dipole operator in the BFKL approximation

y y asN, = az?
uglonf(Zl?ZZ) = un(21322)+ ; C/d2 12 In 12 [

Un(Z1,Z3)+U7(Zz 23) Z;{n(thz)}
4m? 333 Ui

NLO BFKL

d -
%Mtsz(zl . 22)

aN, 2 N, 72
P &’z <3 2 1;2 [1 Ty }[ conr(zlvz3) +ucont(zz ) — Z/lg)nf(ZhZzﬂ
. 13423
a2N?

) 2 2 2
NG [dPndz 3,3, 21234 212334 2132
+ 2In + |1+ In
8 4 22325 3,25 325, — 2,2 2425
. 34 1324 14423 13924 — 214323 14223
3a2N?

+ 5.3 CCEU! (z1,22)

Eigenvalues agree with Kotikov and Llpatov (2000)

Z/Iwm (z3,24)
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NLO evolution of composite “conformal” dipoles in QCD

d . A IR
SO UL = 2 [ s ({0 U0, 01} = Nael 0, DL

2
212 N ) Z Zz3 Zl3 67 e
A1+ S by + b BB IR 4 3 T

Z13123 Z13Z23 Zz3
+ _S/d - { {* 2+ 214725 + 204°233 — 42y In ""42:2"}
ar? ) 24, 2(z142235 — 224%235) 24221

X [tr{ U:1 UT pr{ U' Ui H 0:4 UT} — trf 0?\ Uj Uu U‘; U:; U:‘\} — (24 — 23)]

2.2 2 2
27,2 Z{,2 273204
{21 ;234+(1+22'23422>1n 1322]

214123 213224 — 214423 214733

X {0, UL {0, UL e 0,01} = {0, 0L 0, UL U, UL} — (2 — )]}

2.2
212434
+ 55
Z13Z24

_ 11 2

Kneo Bk = Running coupling part + Conformal "non-analytic” (in j) part
+ Conformal analytic (N = 4) part

Linearized Knro gk reproduces the known result for the forward NLO
BFKL kernel.
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Argument of coupling constant
d

7Z/A{(Z1 ) ZZ) =

Z ~ ~
/ D1, z5) + (e, 22)) ~ (a1, 2) ~ U1, 0 (z5,20)
13 23
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Argument of coupling constant
d

f?:l(Zl,Zz) =

/ le (Z1,Z3)+U(Z3,Zz))—a(Z1,Zz) U(Z1,Z3) (Z3,Z2)}
13 23

Renormalon-based approach: summation of quark bubbles

(JLAB & ODU)



Argument of coupling constant
d

f?:l(Zl,Zz) =

/ le (Z1,Z3)+U(Z3,Zz))—a(Z1,Zz) U(Z1,Z3) (Z3,Z2)}
13 23

Renormalon-based approach: summation of quark bubbles

(JLAB & ODU)



Argument of coupling constant

Bubble chain sum:

d . A
= Te{ 0, U1 (‘7’12) &z [Tr{ U, UL YTe{ 0., U1 } — N.Te{ 0, U}
d?? 1 3~ 1722
« [ 2, N L(QS(ZB) 1) 1 (as(ZZ 3) - 1)}

33y s Nas(33) 3 N (zi3)

[.B.; Yu. Kovchegov and H. Weigert (2006)
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Argument of coupling constant

Bubble chain sum:

d . z A A
e 01} = 4% [ e (e{0, 01 TH{0, 04} - N0, )
2 1 1 2
T () ) L]
Z13223 Zl3 as(23;) Zz3 as(z73)

[.B.; Yu. Kovchegov and H. Weigert (2006)

When the sizes of the dipoles are very different the kernel reduces to:

Qs (Z%z) Z%z

o 22, |z12] < Jz13], [z23]
2

(;ﬂ'(zzzl%:) |213] < [z12]; |223]
2

(;r(;zz;) |223] < [z12, |213]
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Argument of coupling constant

Bubble chain sum:

d . NN
%Tr{U oy = (‘7’12) / &z [Tr{ U, UL YTe{ 0, U1} — N.Te{ U, U1 }]
« [ 2, N L(@S(zm) 1) 1 (as(ZZ 3) - 1)}

3% a3 \os(a3) 255 \ay(2hs)

[.B.; Yu. Kovchegov and H. Weigert (2006)

When the sizes of the dipoles are very different the kernel reduces to:

Qs (Z%z) Z%z

2wt T |z12| < |z13], |223]
2

T 3] < fenal. 2o

S5 23] < [z12], |23

= the argument of the coupling constant is given by the size of the
smallest dipole.
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Conclusions

m High-energy operator expansion in color dipoles works at the NLO
level.
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Conclusions

m High-energy operator expansion in color dipoles works at the NLO
level.

m The NLO BK kernel in QCD and A/ = 4 SYM agrees with NLO
BFKL eigenvalues.

m The NLO BK kernel for the evolution of conformal composite
dipoles in /' = 4 SYM is Mdbius invariant in the transverse plane.

m The NLO BK kernel in QCD is a sum of the running-coupling part
and conformal part.

m The coupling constant in the BK equation is determined by the
size of smallest dipole.
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